ABSTRACT. We study finiteness conditions in Grothendieck categories by introducing the concepts of objects of type FPn and studying their closure properties with respect to short exact sequences. This allows us to propose a notion of locally type FPn categories as a generalization of locally finitely generated and locally finitely presented categories. We also define and study the injective objects that are Ext-orthogonal to the class of objects of type FPn, called FPn-injective objects, which will be the right half of a complete cotorsion pair.
INTRODUCTION
Throughout this paper, G will denote a Grothendieck category. Examples of such categories will include: (1) the category R-Mod of (left) R-modules over an associatve ring R with identity; (2) the category Ch(R) of chain complexes of R-modules; (3) the category O X -Mod of all sheaves of O X -modules with (X, O X ) a ringed space; (4) the category Qcoh(X) of quasicoherent sheaves on a scheme X; and (5) the category Fun(C op , Ab) of additive contravariant functors from a skeletally small additive category C into the category Ab of abelian groups.
It is very well known the relation between noetherian rings and finitely generated modules over such rings. One important result asserts that a ring R is noetherian if, and only if, the class of finitely generated modules is closed under taking kernels of epimorphisms. A similar equivalence holds true between coherent rings and finitely presented modules. For each of these types of modules and rings there is a generalizing concept, namely: modules of type FP n (also called finitely n-presented modules) and n-coherent rings. The former was probably first introduced in [7] , while the latter is due to D. L. Costa [14] . As one can expect, there is a nice interplay between modules of type FP n and n-coherent rings in terms of closure properties. This is described in [11] by the first and third authors. Namely, a ring R is n-coherent if, and only if, the class FP n of modules of type FP n is closed under taking kernels of epimorphisms. Another description of n-coherent rings can be stated in terms of the existence of a certain hereditary cotorsion pair. Such cotorsion pairs are scarce in the literature, and an interesting point about the theory of n-coherent rings is that they govern some conditions for the existence of hereditary cotorsion pairs constructed from FP n . Specifically, if one considers the class FP n -Inj of FP ninjective modules defined in [11] , one has a complete cotorsion pair ( ⊥ 1 (FP n -Inj), FP n -Inj) cogenerated by a set, which is hereditary if, and only if, the ground ring R is n-coherent. This is proved as one of the main results in [11, Theorem 5.5] .
The first general goal of this article is to present and study the concept of n-coherent categories as a general framework for the study of finiteness conditions of objects, based mainly in the proposal of the concepts of locally type FP n categories and n-coherent objects, as generalizations of locally finitely generated and locally finitely presented categories, and of noetherian and coherent objects (see [41, 42] ). Our main result is Theorem 4.7 where we give several characterizations of n-coherent categories. One of these characterizations is given in terms of the existence of a hereditary small cotorsion theory generated by the class of objects of type FP n . One important consequence is that any Ext k (F, −) can be computed using FP n -injective coresolutions whenever F is of type FP n . Theorem 4.7 also generalizes the results in [11] about modules of type FP n , FP n -injective modules and n-coherent rings to the more general context of Grothendieck categories. In particular, we shall be able to apply and interpret our notions of n-coherency and objects of type FP n in categories widely used in algebraic geometry and representation theory of algebras, such as Qcoh(X) and Fun(C op , Ab)
The second general goal is to set the path towards a nice theory of Gorenstein injective homological algebra in Grothendieck categories. For this we present the concept of Gorenstein FP n -injective objects, which recovers the notion of Gorenstein injective and Ding injective modules in the cases where n = 0 and n = 1, respectively. From a homological point of view, this class is going to satisfy a series of expected properties. In the context of homotopical algebra, we shall study the stable category associated to the Gorenstein FP n -injectives and propose two different model structures that describe it.
One strong point about our definitions and most of our results is that they do not need that our ground Grothendieck category has enough projectives. So the core of the theory presented in this paper can be applied to some of such categories widely used in algebraic geometry, like for instance O X -Mod and Qcoh(X).
The present article is organized as follows. We begin with some categorical and homological preliminaries. In Section 2 we present the concept of objects of type FP n in a Grothendieck category and study several closure properties along with some alternative descriptions under some extra assumption in our ground category. We also define locally type FP n categories as a formal setting for the existence of objects of type FP n . In Section 3 we study injectivity relative to objects of type FP n . We define the class FP n -Inj of FP n -injective objects and show that this class is the right half of a complete cotorsion pair ( ⊥ 1 (FP n -Inj), FP n -Inj) cogenerated by a set in any locally type FP n category. Section 4 is devoted to n-coherent categories. One of the main results in that section will be to show that the previous cotorsion pair is hereditary if, and only if, the ground category is n-coherent, thus generalizing [11, Theorem 5.5] . Another important result that holds in n-coherent categories is that FP n -Inj will be a covering class. As an application of this, we obtain a result due to S. Crivei, M. Prest and B. Torrecillas [15] about the existence of absolutely pure covers in locally coherent categories. Finally, in Section 5 we define the Gorenstein FP n -injective objects and construct two different model structures such that they form the class of fibrant objects. The first structure will be abelian in the sense of Hovey's [33] and it will be constructed on n-coherent categories. The second one will be exact in the sense of [25] and it will be constructed on certain thick subcategories of the ground Grothendieck category without imposing any condition on G.
PRELIMINARIES AND NOTATIONS
The categorical setting for this paper is that of Grothendieck categories for which our main reference is Stenström's [41] .
Grothendieck categories.
Recall that a Grothendieck category is a cocomplete abelian category G, with a generating set, and with exact direct limits. We shall often refer to [41, Chapter V].
with X, X ′ ∈ X and Y, Y ′ ∈ Y (In other words, every object has a special X -precover and a special Y-preenvelope). If these short exact sequences can be taken functorially with respect to A then, following [33, Definition 2.3], we say the cotorsion pair is functorially complete. In particular, cotorsion pairs in A cogenerated by a set are functiorally complete, provided that A is a Grothendieck category with enough projectives (See [33, Corollary 6.8] ).
Besides their connection to abelian model structures which we describe next, cotorsion pairs are fundamental in modern homological algebra. There are several good references. In particular we shall refer to [20] and [33] .
Abelian model structures.
Let A be a bicomplete abelian category. M. Hovey showed in [33] that an abelian model structure on A is nothing more than two nicely related cotorsion pairs in A. The main theorem of [33] showed that an abelian model structure on A is equivalent to a triple (Q, W, R) of classes of objects in A for which W is thick and (Q∩W, R) and (Q, W ∩R) are each complete cotorsion pairs. By thick we mean that the W is closed under direct summands and satisfies the 2 out of 3 property on short exact sequences. In this case, Q is precisely the class of cofibrant objects of the model structure, R are precisely the fibrant objects, and W is the class of trivial objects. We say that M is hereditary if both of these associated cotorsion pairs are hereditary.
The equivalence between these (Q, W, R) and abelian model structures was later generalized by the second author in [25] to the context of exact categories. The notion of (complete and hereditary) cotorsion pairs are analogous in such categories, and the corresponding model structures in this equivalence are called exact. For a complete survey of exact categories, we recommend [12] .
Cofibrantly generated and finitely generated model categories. We refer to [33 [33, Section 7.4 ] that Ho(M) is compactly generated whenever M is a finitely generated model category.
Pure exact sequences. Given a short exact sequence
of objects in a Grothendieck category G, recall that E is said to be pure if for every finitely presented object F ∈ G, the induced sequence Hom G (F, E) of abelian groups is also exact. In case where G is the category of R-modules, this is equivalent to saying that E remains exact after tensoring with any right R-module. We cannot state this equivalence for general Grothendieck categories since they may not even come equipped with a tensor product.
One can consider certain closure properties with respect to pure exact sequences. Namely, a class X of objects in G is said to be closed under pure subobjects (resp., under pure quotients) if whenever we are given a pure exact sequence as E above with B ∈ X , then one has A ∈ X (resp., C ∈ X ).
Pure exact sequences are not the only concept considered in this article with an equivalent interpretation for modules, that does not necessarily hold for arbitrary Grothendieck categories. This will also be the case of objects of type FP n studied in the next section.
Some specific notations.
We specify the use of some symbols throughout this article:
• In some cases, monomorphisms (respectively, epimorphisms) will be denoted as arrows (respectively, ։).
• Given two objects X and Y in an abelian category A, by X ≃ Y we shall mean that X and Y are isomorphic. If F, G : A −→ D are two functors between abelian categories, by F ∼ = G we shall mean that there exists a natural isomorphism between F and G.
• Recall that two short exact sequences
This will be denoted as E ∼ E ′ . We shall use the same notation to denote equivalences between n-fold extensions (See Appendix A at the end of this article). In some cases, the groups of equivalence classes of n-extensions Ext n A (X, Y ) appearing in certain commutative diagrams will be denoted as n (X, Y ) due to space limitations.
OBJECTS OF TYPE FP n
Throughout this paper G denotes a Grothendieck category (with not necessarily enough projective objects). In this section we study the notion of objects of type FP n in G. We also define what it means to say G is locally type FP n .
Note that for any object C ∈ G, and any direct system {X i } i∈I , there is a canonical map
The following definition generalizes this. Definition 2.1. Let n ≥ 1 be a positive integer. We say that an object F ∈ G is of type FP n , if the functors Ext
Note that any object of type FP n is finitely presented and that the notion of finitely presented is synonymous with type FP 1 . Moreover, any object of type FP n is finitely generated by [41, Def. V.3.1 and Prop. V.3.2]. It will be convenient to think of the finitely generated objects as the objects of type FP 0
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. Thus by an object of type FP 0 we mean a finitely generated object. Finally, we may let n = ∞, and call an object F of type FP ∞ if Ext i G (F, −) preserves direct limits for all i ≥ 0. Now for all 0 ≤ n ≤ ∞, we let FP n denote the class of all objects of type FP n in G. For convenience we let FP −1 denote the whole class of objects of G. We note that FP ∞ = n≥0 FP n and that we have a decreasing chain of containments:
Example 2.2. We give some examples of objects of type FP n .
(1) Any finitely generated projective object must be of type FP ∞ by [26, Example 3.2] . (2) Modules over a ring. For each n ≥ 0, by [10, Example 13] , one can construct a ring R such that
It is important to mention that the class FP n in R-Mod has an equivalent description. Namely, a module F is of type FP n if, and only if, there exists an exact sequence
of modules where P i is a finitely generated projective module for every 0 ≤ i ≤ n. We shall refer to such sequences (i) as n-presentations (by finitely generated projective objects) 2 With a particular exception in the category of OX -modules. Indeed, the notion of finitely generated OX -modules may be different from that of OX-modules of type FP0. For example, in Ueno's [44, Definition 4.18] , an OX -module F is called finitely generated if for every x ∈ X there exists an open set U containing x and a positive integer n > 0 so that sequence of OU -modules O ⊕n U → F|U → 0 is exact. Other authors refer to such OX -modules as locally finitely generated. of F . We have chosen this terminology since modules of type FP n are also known as finitely n-presented (See [11] , for example).
The existence of this equivalent description for FP n is due to the fact that modules form a Grothendieck category which has a generating set of finitely generated projective objects. We shall specify this later in Corollary 2.14. Without such generators, the concepts of objects of type FP n and objects with an n-presentation may differ, as shown in Example (5) below. (3) Chain complexes. The previous description of objects of type FP n in terms of n-presentations is also true in the category Ch(R) of chain complexes of modules over R, studied in [51] . Moreover, complexes of type FP n are also described as those X ∈ Ch(R) such that X is bounded (above and below) and each X m is a module of type FP n (See [51, Proposition 2.1.4]). (4) Functors on additive categories. Let C be a skeletally small additive category and consider the category Fun(C op , Ab) of contravariant additive functors from C to Ab. As the categories of modules and chain complexes of modules, Fun(C op , Ab) is a Grothendieck category with a generating set of finitely generated projective objects. It is known by Auslander's [3] that an object in Fun(C op , Ab) is finitely generated and projective if, and only if, it is a direct summand of a representable functor Hom C (−, X) for some object X ∈ C. Thus, an object F ∈ Fun(C op , Ab) is of type FP n if, and only if, there exists an exact sequence of the form
(5) Quasi-coherent sheaves. Let k be an infinite field. Consider the quasi-compact and semi-separated scheme X = P 1 (k) along with the category Qcoh(X) of quasi-coherent sheaves over X. It is a well known fact that Qcoh(X) has not enough projectives. (See Hartshorne's [30, Exercise VI.6.2]). Moreover, Qcoh(X) has no nonzero projective objects (see [6, Theorem 2.4 .12]), and so every object having an n-presentation must be the zero object, for any n ≥ 0. On the other hand, for any n ≥ 0, one can construct generators (and so nonzero objects) of type FP n for the category Qcoh(X) from the semi-separating cover of P 1 (k) given by D + (x 0 ) and D + (x 1 ). (See [21, Corollary 2.5] for details). Hence, the notions of being of type FP n and having an n-presentation are not necessarily equivalent.
In [19, Proposition 3.7] , Enochs, Estrada and Odabaşı characterized the finitely presented objects in Qcoh(X) in the case where X is a semi-separated or a concentrated scheme. Specifically, F ∈ Qcoh(X) is finitely presented if, and only if, F | U is finitely presented in Qcoh(U ) for every open affine subset U ⊆ X, or if, and only if, the stalk F x is a finitely presented O X,x -module for every x ∈ X. A similar description with more conditions is also true for quasi-coherent sheaves over X of type FP n , for the case X is quasi-compact and semi-separated. Namely, the following conditions are equivalent for F ∈ Qcoh(X) and n ≥ 1:
For a detailed proof of this equivalence, see [21, Proposition 2.3] . 4 Locally type FP n categories. Although below we provide ways to construct new objects of type FP n from old ones, there is no guarantee that a Grothendieck category possesses any nonzero objects of type FP n . So following [26] we propose Definition 2.3 below in the spirit of locally finitely generated and locally finitely presented categories. Recall that a Grothendieck category G is called locally finitely generated if it has a set of finitely generated generators. This is equivalent to saying that each C ∈ G is a direct union of finitely generated subobjects [41, pp. 122] . G is called locally finitely presented if it has a set of finitely presented generators. This is equivalent to saying that each C ∈ G is a direct limit of finitely presented objects [1, Definition 1.9 and Theorem 1.11]. Definition 2.3. We say that a Grothendieck category G is locally type FP n , if it has a generating set consisting of objects of type FP n .
So n = 0 gives us the locally finitely generated categories, n = 1 the locally finitely presented categories, and n = ∞ gives us the locally type FP ∞ categories of [26] . Note that for 1 ≤ n ≤ ∞, any locally type FP n category is a locally type FP n−1 category. In particular any such category is locally finitely presented and hence locally finitely generated.
Example 2.4. The categories R-Mod, Ch(R), Qcoh(P n (A)) (with A a commutative ring) and Fun(C op , Ab) are locally type FP n with the following generating sets formed by objects of type FP ∞ , respectively:
• The singleton {R}.
• The set of disk complexes {D m (R)} m∈Z , where D m (R) is the complex with
and such that the only nonzero differential map is given by id M : M → M .
• The set of twisted sheaves {O P n (A) (m)} m∈Z (see [21, Corollary 2.5] for more details).
• The set of representable contravariant functors {Hom C (−, X)} X∈C ′ where C ′ is a set of representative objects of the skeletally small category C (see Stenström's [41, Corollary IV.7.5]).
Properties of objects of type FP n . Recalling the notion of a thick subcategory from the preliminaries, we have the following proposition which is proved in [26, Proposition 3.3] .
Proposition 2.5. The class of all objects of type FP ∞ is a thick subcategory.
As shown in [11, Section 1], for n < ∞, the class FP n in the category of left R-modules over a ring R is almost thick except it need not be closed under taking kernels of epimorphisms between its objects. This is proved using the characterization of modules of type FP n mentioned in Example 2.2 (2). Our goal now is to prove the analogous result in the current context of Grothendieck categories. This is achieved below in Proposition 2.8. In the absence of enough projectives, the key ingredient will be to apply the "5-lemma" along with the following technical lemma. The proof of the lemma is quite long and technical and we defer it to an appendix at the end of the present article. Lemma 2.6. Let F be an object of type FP n in a locally finitely presented category G, and let {X i : i ∈ I} be a direct system of objects in G. The canonical map ξ n : lim 4 The result is stated and proved for quasi-coherent sheaves of type FP∞, but the arguments are also valid for objects of type FPn.
We shall also use the following characterizations of finitely presented objects. Lemma 2.7 (descriptions of finitely presented objects). Let G be a locally finitely generated category. The following conditions are equivalent for every C ∈ G.
(a) C is finitely presented.
(b) C is finitely generated and every epimorphism B ։ C, where B is finitely generated, has finitely generated kernel. (c) There exists a short exact sequence
where K is finitely generated and F is finitely presented. Proposition 2.8 (closure properties of FP n ). Let G be a locally finitely presented category and
be a short exact sequence in G. The following conditions hold for all 0 ≤ n ≤ ∞:
(1) If A, C ∈ FP n , then B ∈ FP n . That is, FP n is closed under extensions.
(2) If A ∈ FP n−1 and B ∈ FP n , then C ∈ FP n . In particular, FP n is closed under taking cokernels of monomorphisms between its objects. (3) If B ∈ FP n−1 and C ∈ FP n , then A ∈ FP n−1 . (4) If E splits and B ∈ FP n then A, C ∈ FP n . That is, FP n is closed under direct summands.
Proof. The case n = 0 is done in [41, Lemma V.3.1(2)], and the case n = ∞ is given by Proposition 2.5.
Next, let 1 < n < ∞, and let X be the direct limit of a direct system {X i : i ∈ I} of objects in G, that is, X = lim − → X i . For A, B, C ∈ G and k ≥ 0, we consider the corresponding natural homomorphisms
(1) The case n = 1 can be proved using Lemma 2.7 and a standard pullback argument.
So we may assume that A, C ∈ FP n with n > 1. We want to show that ξ B k is an isomorphism for every 0 ≤ k ≤ n − 1. By the previous comments, we already know that ξ B 0 is an isomorphism. For indices k > 0, we have the following commutative diagram with exact rows (recall our notation convention from the end of Section 1):
By assumption, ξ A k−1 , ξ A k and ξ C k are all isomorphisms for every 0 < k ≤ n − 1. Also by assumption, ξ C k+1 is an isomorphism for every 0 < k ≤ n − 2, and a monomorphism for k = n − 1 by Lemma 2.6. By the 5-Lemma [47, Exercise 1.3.3], we deduce that ξ B k is an isomorphism for every 0 < k ≤ n − 1. Therefore, B ∈ FP n .
(2) Suppose A ∈ FP n−1 and B ∈ FP n . The case n = 1 follows by Lemma 2.7. So we may assume n > 1. Certainly ξ C 0 is an isomorphism, so our goal is to show that ξ C k is an isomorphism for every 0 < k ≤ n − 1. Now, for each k > 0, we consider the following commutative diagram with exact rows:
This time, ξ A k−1 , ξ B k−1 and ξ B k are isomorphisms for every 0 < k ≤ n − 1. But also ξ A k is an isomorphism for every 0 ≤ k ≤ n − 2, and a monomorphism for k = n − 1. The 5-Lemma implies then that ξ C k is an isomorphism for every 0 < k ≤ n − 1. (3) This part is analogous to (2) . (4) In the case where E is split exact, we have that A and C are retracts (or equivalently, direct summands) of B. We only show that A ∈ FP n if B ∈ FP n , as the proof for C is similar. We have that there are morphisms α :
This induces the following commutative diagram where the horizontal compositions are identities:
Thus, we have that ξ A k is a retraction of ξ B k in the category of maps between abelian groups. In the case where 0 ≤ k ≤ n − 1, we have that ξ A k is an isomorphism, since isomorphisms are closed under retractions. Hence, A ∈ FP n . Remark 2.9. In general, it is not true that the class FP n is closed under taking kernels of epimorphisms between its objects. In the category of left R-modules, for instance, FP n satisfies this closure property if, and only if, the ground ring R is (left) n-coherent, as proved in [11, Theorem 2.4] . This equivalence will be presented in our categorical setting in Section 4, where we introduce and study the Grothendieck categories that we call n-coherent.
To complete our study of closure properties of the class FP n , we show that the objects of type FP n are also closed under finite direct sums: Proposition 2.10. For all 0 ≤ n ≤ ∞, the class FP n of all objects of type FP n , is closed under finite direct sums.
Proof. Let n > 0, {F 1 , F 2 , · · · , F m } ⊆ FP n , and let 0 ≤ i < n. We have a standard isomorphism
So the result follows from the fact that direct limits commute with finite products. The case n = 0 is similar.
Objects of type FP n and n-presentations. We now wish to give a characterization of objects of type FP n in terms of n-presentations, similar in spirit to Example 2.2. We start with the following useful lemma. It is a simple corollary to Proposition 2.8(2). Lemma 2.11. Let G be locally finitely presented and C ∈ G an object for which there exists an exact sequence
with F i of type FP n for 0 ≤ i ≤ n. Then C is also of type FP n .
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Proof. Note that Im(f n ) is finitely generated by [41, Lemma V.3.1 (i)]. Thus Im(f n−1 ) is finitely presented by part (3) of Lemma 2.7. In fact, we may repeatedly apply the more general Proposition 2.
For n = ∞, we consider the truncated resolutions and use the fact that FP ∞ = n≥0 FP n .
Given a class of objects X in G, we say that an object C has an n-presentation by objects in X if there is an exact sequence
with each X i ∈ X . For example, the object C in Lemma 2.11 has an n-presentation by objects in the class of objects of type FP n .
Since a typical Grothendieck category need not have a set of projective generators (as shown in Example 2.2 (5)), the following proposition and corollary are interesting. They provide an appropriate characterization of objects of type FP n in terms of n-resolutions based on the generators.
Proposition 2.12. Assume G is locally type FP n , with S denoting a generating set of objects of type FP n . Then C ∈ G is an object of type FP n if, and only if, C has an n-presentation by objects in add(S).
Proof. Due to Propositions 2.8(4) and 2.10, we have add(S) ⊆ FP n . Thus the "if" part follows immediately from Lemma 2.11. It only remains to prove the "only if" part. So consider C ∈ FP n . Then we can find an epimorphism j∈J G j ։ C with each
Since C is finitely generated, there exists a finite subset
. We obtain a short exact sequence
and again F 0 ∈ add(S) ⊆ FP n . Thus we have that K 0 is of type FP n−1 by Proposition 2.8 (3). Continuing with this reasoning, we can find an exact sequence
with F i ∈ add(S) for every 0 ≤ i < n, and with K n−1 finitely generated. Finally, we just take another epimorphism F n ։ K n−1 with F n ∈ add(S), and "glue it" with (ii) to complete the proof.
For n = ∞, we can continue indefinitely using the thickness property of Proposition 2.5.
We note that if G is locally of type FP m then it is also automatically locally of type FP n for any n ≤ m. So the characterization of objects of type FP n given in Proposition 2.12 will hold for all n ≤ m whenever G is locally of type FP m . In particular, taking m = ∞ we get the following characterization of objects of type FP n . Corollary 2.13. Assume G is locally type FP ∞ with S denoting a generating set of objects of type FP ∞ . Then C ∈ G is an object of type FP n (for any 0 ≤ n ≤ ∞) if, and only if, there exists an exact sequence
with F i ∈ add(S) for every 0 ≤ i ≤ n. That is, C is an object of type FP n if, and only if, C has an n-presentation by objects in add(S). 6 This specializes to give the following expected characterization for the case that G possesses a generating set of finitely generated projective objects.
Corollary 2.14. Assume G possesses a generating set of finitely generated projective objects. Then, C ∈ G is an object of type FP n (for any 0 ≤ n ≤ ∞) if, and only if, there exists an exact sequence
where P i is finitely generated projective for every 0 ≤ i ≤ n. That is, C is an object of type FP n if, and only if, C has an n-presentation in the sense of Example 2.2.
Proof. Any finitely generated projective object is of type FP ∞ by Example 2.2(1). So taking S to be a set of finitely generated projective generators, Corollary 2.13 applies, and in this case add(S) is precisely the class of finitely generated projective objects.
Remark 2.15.
If G is any of the categories R-Mod, Ch(R) or Fun(C op , Ab), then G admits a collection of finitely generated projective generators. Hence, in particular, in the present article we recover several results of [11] and [51] .
INJECTIVITY RELATIVE TO OBJECTS OF TYPE FP n
In this section we study the cotorsion pair cogenerated by all the objects of type FP n . One may now wish to review the definitions associated to cotorsion pairs from the preliminaries.
The following brings [11, Definition 3.1] to the context of Grothendieck categories.
Definition 3.1. We say an object
We denote the class of all FP n -injective objects by FP n -Inj. So note that FP n -Inj = FP
The definition includes the cases n = 0 and n = ∞. Assuming G is locally finitely generated, the FP 0 -injectives are the usual injective objects. One can prove this by using the analog of Baer's criterion that holds in Grothendieck categories [41, Proposition V.2.9], along with the fact that any epimorphic image of a finitely generated object is again finitely generated [41, Proposition V.3.1(i)]. For the case n = ∞, the FP ∞ -injectives are the absolutely clean objects studied in [26] and [9] . The case n = 1 gives us the absolutely pure (FP-injective) objects studied in [42, 40] . Example 3.2. We present description of FP n -injective objects for some categories studied in the previous section.
(1) FP n -injective complexes. The class FP n -Inj in the category Ch(R) of complexes is defined and studied in [51, Definition 2.3.1]. These complexes are characterized as those X ∈ Ch(R) such that X is exact and each cycle module The case of n = ∞ gets interpreted as an infinite resolution. 7 The statement and proof are formulated for absolutely clean OX -modules, but the arguments also work for FPninjectives. 
4]).
A similar description for FP-injective functors holds true with a slightly weaker assumption on C, namely, that C has pseudo-kernels. Recall that given two morphisms f 2 : X 2 → X 1 and f 1 :
The following two conditions are equivalent for every additive functor G : C op −→ Ab provided that C has pseudo-kernels:
The proof follows as in [16, Corollary 2.3.4] .
For the case n > 1, we can also obtain the previous equivalence for any additive category C. (See Appendix C).
Next we shall fix some notation that will be used throughout this section. To do so, recall that the category of all objects of type FP n is skeletally small, meaning, the collection of (isomorphism classes of) objects of type FP n is a set, not just a proper class. (Reason: Grothendieck categories are locally presentable so the facts from [1] and [24, Appendix] apply. In particular, it follows from [24, Appendix, Fact A.9].) Notation 3.3. As commented above, we may choose a set, not just a proper class, of isomorphism representatives for each class FP n . We shall always denote this set by FP n (G). We then let I n denote the set of all inclusions of subobjects K F with F ∈ F P n (G) and such that F/K is also of type FP n . (If G is locally finitely presented, then by Proposition 2.8, it is equivalent to require that K be of type FP n−1 .) Definition 3.4 (I-injectives). Let I be any set of monomorphisms in G. We shall say that an object C ∈ G is I-injective if for every monomorphism (K F ) ∈ I, each morphism K − → C extends over F .
For example, Baer's Criterion states that a (left) R-module is injective if and only if it is Iinjective with respect to the set I of all inclusions of (left) ideals into R. The following is a sort of generalization of this for the sets I n from Notation 3.3.
Proposition 3.5. Let G be a locally of type FP n category. Let I n be the set of monomorphisms from Notation 3.3. Then A ∈ G is FP n -injective if and only if A is I n -injective.
Proof. The "only if" part is clear using the Ext
For the converse, given A an I n -injective in G, we aim to show that Ext 1 G (F, A) for all F ∈ FP n . To do this we consider a short exact sequence
with F of type FP n and show that any such sequence is split, using the Yoneda description of Ext
, we can find a finitely generated subobject S ⊆ X, in the short exact sequence above, such that p(S) = F . Now since FP n (G) is a generating set we can find an epimorphism j∈J F j ։ S with each F j ∈ F P n (G). As in the proof of Proposition 2.12, we can find a finite subset J ′ ⊆ J such that q : j∈J ′ F j ։ S is still an epimorphism. Moreover, j∈J ′ F j is of type FP n by Proposition 2.10. Without loss of generality, we assume j∈J ′ F j ∈ F P n (G). Letting K denote the pullback of A − → X q ← − j∈J ′ F j , one constructs a morphism of short exact sequences:
The inclusion map K j∈J ′ F j is in the set I n from Notation 3.3, so the assumption on A means there is a morphism j∈J ′ F j − → A producing a commutative triangle in the upper left corner. This is equivalent, by a fact sometimes called "the homotopy lemma" (see [48, Lemma 7.16 ]), to a map F − → X producing a commutative triangle in the lower right corner. This is precisely a splitting of the short exact sequence (iii).
We now prove the main result of this section. Note that the class FP n cogenerates a cotorsion pair ( ⊥ 1 (FP n -Inj), FP n -Inj). We shall call this the F P n -injective cotorsion pair. Theorem 3.6 (completeness of the FP n -injective cotorsion pair). Let 0 ≤ n ≤ ∞ and let G be a locally type FP n category. Then, ( ⊥ 1 (FP n -Inj), FP n -Inj) is a functorially complete cotorsion pair.
In fact, ( ⊥ 1 (FP n -Inj), FP n -Inj) is a small cotorsion pair with I n a set of generating monomorphisms in the sense of [33, Definition 6.4] . Moreover, if n ≥ 2, then ( ⊥ 1 (FP n -Inj), FP n -Inj) is a finite cotorsion pair, meaning, I n is a set of finite generating monomorphisms in the sense that the domains and codomains of each morphism are not just small, but finite in the sense of [32, Definition 2.1.4 and Section 7.4].
Proof. The proof is based on the work in [33] and [38] . First, referring to [33, Theorem 6.5] we see that the set I n from Notation 3.3 is indeed a set of generating monomorphisms for a small, and hence functorially complete, cotorsion pair (in the sense of [ Corollary 3.7 (existence of FP n -injective preenvelopes). Let 0 ≤ n ≤ ∞ and let G be a locally type FP n category. Then FP n -Inj is a special preenveloping class.
Finally, we close this section by giving a characterization of objects of type FP n in terms of the orthogonal complement ⊥ 1 (FP n -Inj). This will provide in the next section one of the alternative descriptions for n-coherent categories with n ≥ 2.
Fix an injective cogenerator E ∈ G. We can construct a functor Ψ : G −→ G given by
denote the class of objects of G which are a direct limit of a direct system in Im(Ψ). In [10, Theorem B.1], it is proved that for n ≥ 2, an object M ∈ G is of type FP n if, and only if, M is of type FP n−1 and lim
. From this equivalence we can prove the following result. 
Proof. The "only if" part is clear. Now suppose that M is an object of type FP n−1 such that Ext
. For, let us study the two cases n = 2 and n > 2.
For the case n = 2, let N ∈ lim − → Im(Ψ) and write N = lim − →i∈I N i where N i ∈ Im(Ψ) for every i ∈ I. Note that each N i is injective since it is a product of injective objects. Thus, N is FP 2 -injective, and so Ext
For the case n > 2, consider again N ∈ lim − → Im(Ψ) along with a partial injective resolution
By dimension shifting, we have that Ext
Using again dimension shifting along with [10, Theorem B.1], one can note that N ′ ∈ FP n -Inj. This implies that Ext
Remark 3.9. The previous proposition holds for the case n = 1 when G is the category of modules over a ring. In fact, this is due to Glaz [27, Theorem 2.1.10]. Specifically, the equality
Although we are not aware if the same equality holds in any Grothendieck category, we can prove that it does in the category Ch(R) of complexes of modules and also in the category Qcoh(X) of quasi-coherent sheaves over certain schemes X. (See Appendix B for details).
n-COHERENT OBJECTS AND CATEGORIES
In Section 2 we introduced the Grothendieck categories that are natural generalizations of locally finitely generated and locally finitely presented categories. We now take it a step further and introduce the natural generalizations of locally noetherian and locally coherent categories, which we call n-coherent. We begin by looking at the objects which generate such categories: the n-coherent objects. Definition 4.1. Let n be given with 0 ≤ n ≤ ∞. We say that an object C ∈ G is n-coherent if each of the following hold.
(1) C ∈ FP n . That is, C is of type FP n .
(2) For each subobject S ⊆ C, we have S ∈ FP n−1 implies S ∈ FP n . That is, every subobject of C of type FP n−1 is in fact of type FP n . We shall let C n denote the class of all n-coherent objects in G. For the case n = ∞, we consider all objects of type FP ∞ to be ∞-coherent. C n ) . Assume G is locally finitely presented. Then, the class C n , of all n-coherent objects satisfies the following properties.
(1) C n is closed under direct summands.
(2) Suppose we have a short exact sequence
with B ∈ C n . Then A ∈ C n if, and only if, C ∈ C n .
Thus C n is a thick class if, and only if, C n is closed under extensions.
Proof. First, we note that it is clear from Definition 4.1 and Proposition 2.8(4) that C n is closed under direct summands. For the remainder of the proof we fix a short exact sequence as E (iv) above with B ∈ C n . First we assume A ∈ C n . In fact, to prove C ∈ C n we only need to assume A ∈ FP n−1 . Indeed we start by noting C ∈ FP n , by Proposition 2.8(2). Now suppose S ⊆ C is of type FP n−1 . (We must show that S is of type FP n .) We let P denote the pullback of B ։ C S and we obtain a morphism of short exact sequences:
where P ⊆ B is a subobject, which must be of type FP n−1 by Proposition 2.8(1). Thus P is of type FP n since B is n-coherent. But we now turn around and again apply Proposition 2.8(2) to conclude S too is of type FP n . Last, suppose C ∈ C n . In fact, to show A ∈ C n we only need that C ∈ FP n . Indeed in this case we start by noting A ∈ FP n−1 by Proposition 2.8(3). Thus A ∈ FP n since B is n-coherent. In fact it is now clear that the n-coherence of A is immediately inherited from B. (a) C n is closed under extensions.
(b) C n is closed under finite direct sums.
(c) free(S) ⊆ C n . That is, any finite direct sum of the generators is n-coherent.
In particular, by Proposition 4.3, C n is a thick class if, and only if, any one of the above holds.
Proof. The implications (a) =⇒ (b) =⇒ (c) are clear. To see (c) =⇒ (a), let S = {C j } denote a generating set for G with each C j an n-coherent object and let
be a short exact sequence with A, C ∈ C n . As in the proof of Proposition 3.5 we may construct a pullback diagram
where j∈I C j is a finite direct sum of objects in the generating set S. By assumption j∈I C j is n-coherent. Thus by Proposition 2.8(3) we conclude both K and P are in FP n−1 , whence K, P ∈ FP n , and in fact K, P ∈ C n . But then we conclude from Proposition 4.3 that B ∈ C n . Corollary 4.5 (C n is closed under quotients in FP n ). Let
be a short exact sequence with B ∈ C n and A ∈ FP n−1 . Then, C ∈ C n . In particular, if an object F of type FP n is a quotient of an n-coherent object, then F is also n-coherent.
Proof. The first part of the statement follows from the proof of part (2) of Proposition 4.3. For the second part, let F ∈ FP n such that there is an epimorphism ϕ : B ։ F with B ∈ C n . It follows that F is n-coherent since Ker(ϕ) ∈ FP n−1 by Proposition 2.8.
n-coherent categories. We now state the corresponding generalization of locally noetherian and locally coherent categories.
Definition 4.6. Let G be a Grothendieck category. We say that G is n-coherent if it is locally type FP n and each object of type FP n is n-coherent.
Note that every n-coherent category has a generating set consisting of n-coherent objects. Combining this and other conditions, we have the following characterization of n-coherent categories.
Theorem 4.7 (characterizations of n-coherent categories). Let 0 ≤ n ≤ ∞ and assume that G is a locally type FP n category. The following are equivalent:
(a) G is n-coherent. That is, every object of type FP n is n-coherent. Moreover, if n ≥ 1, these are also equivalent to:
(f) The class of FP n -Inj, of all FP n -injectives, is closed under taking cokernels of monomorphisms between its objects. (g) The FP n -injective cotorsion pair, ( ⊥ 1 (FP n -Inj), FP n -Inj), is hereditary. (h) FP n -Inj coincides with the class FP ∞ -Inj of absolutely clean objects.
In particular, G is 0-coherent if and only if it is locally noetherian, and it is 1-coherent if and only if it is locally coherent in the usual sense.
Before proving the theorem we note the following remark. (1) For condition (d) in the cases n = 0 and n = 1, any generating set for G of noetherian or coherent satisfies the conditions of Lemma 4.4. (2) Note that conditions (f) and (g) of Theorem 4.7 cannot possibly be equivalent to the first five for case n = 0. Indeed the canonical injective cotorsion pair is always hereditary, so it would imply that all locally finitely generated categories are locally noetherian. (3) At first glance it is natural to desire a characterization of n-coherent categories in terms of the closure of FP n -Inj under direct limits. Afterall, these are important characterizations for n = 0 and n = 1. But of course FP n -Inj is always closed under direct limits for n ≥ 2.
Proof. First, note that (a) and (b) are immediately seen to be equivalent by using parts (2) and (3) of Proposition 2.8. Also, (b) and (c) are equivalent by that same proposition. Now if (a) is true, then G has a set of n-coherent generators. Moreover, if (a) is true, then C n = FP n satisfies all of the equivalent conditions of Lemma 4.4, again because of Proposition 2.8. Thus (a) implies (d).
We now show (d) =⇒ (b). To do so, let {C j } denote a generating set for G with each C j an n-coherent object and let 0 − → A − → B − → C − → 0 be a short exact sequence with B, C ∈ FP n . Construct a diagram as in the proof of Lemma 4.4, where j∈I C j is a finite direct sum of objects in the generating set. By the hypothesis j∈I C j is n-coherent. Thus by Proposition 2.8(3) we conclude both K and P are in FP n−1 , whence K, P ∈ FP n . But then we conclude from Proposition 2.8(2) that A ∈ FP n , proving (b). So far we have shown (a) through (d) are equivalent. Assuming (c), then of course any set S of isomorphism representatives for FP n is also thick. Thus the hypotheses of [26, Lemma 3.6(4)], with S = F P n (G) as in Notation 3.3, are satisfied. One can check that the lemma explicitly proves for us that the cotorsioin pair of Theorem 3.6, is hereditary. This proves (c) =⇒ (g).
Next, we show (g) =⇒ (e) whenever n ≥ 1. But the proof will also show (d) =⇒ (e) for the special case n = 0. Indeed with either hypothesis, we note that the cotorsion pair ( ⊥ 1 (FP n -Inj), FP n -Inj) is hereditary and the class FP n -Inj, of all FP n -injective objects is closed under direct limits. (For the latter fact, the cases n > 1 are immediate, the case n = 0 is well-known, and the case n = 1 can be found in [42, Proposition B.3] .) So now to prove (e), we let F be an object of type FP n , and we shall show that the functors Ext k G (F, −) preserve direct limits for all k ≥ 0. By [1, Corollary 1.7] it is enough to show that they preserve well-ordered direct limits. So let {X α } α<λ be a well-ordered system, where λ is some ordinal. Now we know from Theorem 3.6 that ( ⊥ 1 (FP n -Inj), FP n -Inj) is functorially complete. So using that we have enough functorial injectives, we can, for each X α , find an FP ninjective coresolution X α A Xα , so that the direct system {X α } extends to a direct system {A Xα }. Moreover, the class FP n -Inj is closed under direct limits. Thus by exactness of direct limits we get that lim
In other words, FP n -injective objects are Hom G (F, −)-acyclic, and it follows that we can compute Ext k G (F, −) via FP n -injective coresolutions; see, for example, [35, Theorem XX.6.2] . So now we can compute:
This means that the canonical map
is an isomorphism and completes the proof that F is of type FP ∞ .
Note that (e) implies (c) by Proposition 2.5. We now show that show (f) and (g) are equivalent. But (g) implies (f) is trivial and a standard argument shows that (f) implies (g). Indeed given any X ∈ ⊥ 1 (FP n -Inj) and Y ∈ FP n -Inj, let
be a short exact sequence with I injective. Then Y ′ ∈ FP n -Inj by assumption. Thus the exactness of The implication (e) =⇒ (h) is clear for any n ≥ 0, while (h) =⇒ (i) (also for n ≥ 0) holds since FP n+1 -Inj ⊆ FP ∞ -Inj and FP ∞ -Inj = FP n -Inj by (h).
For the rest of the proof, let us assume that n ≥ 1. We show that (i) =⇒ (b). Condition (i) clearly implies that FP n -Inj = FP n+1 -Inj. On the other hand, we have by Proposition 3.8 that FP n+1 = FP n ∩ ⊥ 1 (FP n+1 -Inj). Using the equiality FP n -Inj = FP n+1 -Inj, the previous implies FP n+1 = FP n . This in turn clearly implies (b).
Example 4.9.
(1) Recall that a ring R is left n-coherent if the containment FP n ⊆ FP n+1 holds in R-Mod (see Costa's [14, Definition 2.1]). We can note that R-Mod is an n-coherent category if, and only if, R is a left n-coherent ring. This equivalence can be extended to the category Ch(R) of complexes of modules, as proved in [51, Proposition 2.1.9]. (2) The functor category Fun(C op , Ab) is 1-coherent if, and only if, C has pseudo-kernels.
(See Appendix C). (3) The category Qcoh(X) of quasi-coherent sheaves over X can be made into an n-coherent category if X comes equipped with a finite affine cover {U i } (that is, U i is isomorphic, as a locally ringed space, to Spec(A i )) such that each A i is a commutative n-coherent ring, with n ≥ 0 fixed. (See Appendix B for details).
Note that condition (e) of the theorem gives us the next two corollaries.
Corollary 4.10.
Any n-coherent category G is locally type FP ∞ .
Corollary 4.11.
We have the following containments among classes of Grothendieck categories, where n-Coh represents the class of n-coherent categories:
Finally, condition (d) of the theorem can be used in conjunction with condition (c) of Lemma 4.4 to check the coherence of a particular category. In particular, we get the following corollary. Corollary 4.12. Let R be a ring. Then R is (left) n-coherent if, and only if, every finitely generated free (left) R-module is n-coherent.
FP n -injective covers in n-coherent categories. Corollary 3.7 showed that the class FP n -Inj, of FP n -injective objects, is (special) preenveloping. We now consider the question of when it might also be a (pre)covering class. In [15] , several conditions in finitely accessible categories are studied in order to produce preenvelopes and covers relative to a class of objects. Since any locally n-coherent category is finitely accessible, we can apply Crivei, Prest and Torrecillas' result to obtain FP n -injective covers in locally n-coherent categories. Proposition 4.13 (FP n -injectives and purity). Let G be a Grothendieck category and n ≥ 1. The following two conditions hold:
(1) FP n -Inj is closed under pure subobjects.
(2) If G is n-coherent, then FP n -Inj is closed under pure quotients.
Proof. Suppose that we are given a pure exact sequence P : 0 → A → B → C → 0 in G, that is, the induced sequence Hom G (F, P) of abelian groups is exact whenever F is a finitely presented object in G. Assume that B ∈ FP n -Inj and let F be an object of type FP n . Let us first see (1) , that A ∈ FP n -Inj. Since B ∈ FP n -Inj, we have that Ext 1 G (F, B) = 0. On the other hand, F is in particular finitely presented, and so Hom G (F, P) is exact. Thus, we have an exact sequence
where Hom G (F, B) → Hom G (F, C) is an epimorphism. It follows that Ext 1 G (F, A) = 0, and hence A is FP n -injective. For (2), if we suppose that G is in addition n-coherent, then by Theorem 4.7 (f) we may also conclude C is FP n -injective.
The precise conditions guaranteeing existence of covers are specified in [15, Theorem 2.6]. Namely, a class of objects C in a finitely accessible category G is covering provided it is closed under direct limits and pure quotients. Certainly if G is n-coherent then the class FP n -Inj of FP n -injective objects is closed under pure quotients and direct limits; in fact, it is always closed under direct limits for n > 1. So their work gives the following generalization of a statement from [15, Corollary 3.5].
Corollary 4.14 (completeness of the reversed FP n -injective cotorsion pair). Let G be a n-coherent category. Then, the class FP n -Inj of FP n -injective objects is covering. Moreover, if FP n -Inj contains a generating set for G, then FP n -Inj is the left half of a perfect cotorsion pair (FP n -Inj, (FP n -Inj) ⊥ 1 ).
Recall that a cotorsion pair (X , Y) in a Grothendieck category G is perfect if the class X is covering and the class Y is enveloping. A well known result asserts that if (X , Y ) is complete and X is closed under direct limits, then (X , Y) is perfect. For example, see [ Proof. It is only left to prove the second statement. In this case, any FP n -injective cover must be an epimorphism, since FP n -Inj contains a generating set for G. By Wakamutsu's Lemma 9 , any such cover must have a kernel in (FP n -Inj) ⊥ 1 . With this fact, we show that
We have a special FP n -Inj cover for C, that is, a short exact sequence
with B ∈ FP n -Inj and A ∈ (FP n -Inj) ⊥ 1 . Since C ∈ ⊥ 1 ((FP n -Inj) ⊥ 1 ), the sequence splits, and so C is a direct summand of B ∈ FP n -Inj. The class FP n -Inj is closed under direct summands, and hence we can conclude that C ∈ FP n -Inj. This proves (FP n -Inj, (FP n -Inj) ⊥ 1 ) is a cotorsion pair in G.
We already know every object in G has a special FP n -Inj cover. Using this and the fact that G has enough injective objects, we can apply a Salce-like argument to show that every object in G also has a special (FP n -Inj) ⊥ 1 -preenvelope. Hence, the cotorsion pair (FP n -Inj, (FP n -Inj) ⊥ 1 ) is complete. Since FP n -Inj is closed under direct limits, we have that (FP n -Inj, (FP n -Inj) ⊥ 1 ) is perfect.
Note that we needed the n-coherent hypothesis on G to show that the class FP n -Inj of FP ninjective objects is covering. But for the category R-Mod, the statement holds for n > 1 even if R is not assumed n-coherent. Indeed the FP n -injective modules are always closed under pure quotients (in addition to direct limits) in this case. As shown in [11, Proposition 3.10] , this follows by a Pontrjagin duality argument. The problem with the more general setting of Grothendieck categories G is that we do not have a suitable notion of Pontrjagin dual providing similar properties. This essentially stems from that fact that we lack of a tensor product on G to compare FP n -injective and "FP n -flat" objects. So we are not aware if the n-coherent hypothesis on G is absolutely necessary to show that FP n -Inj is a covering class.
THE GORENSTEIN FP n -INJECTIVE MODEL STRUCTURES
Our goal now is to point out how a nice theory of Gorenstein FP n -injective homological algebra exists in any n-coherent category G. We define Gorenstein FP n -injective objects similarly to the usual Gorenstein injective objects. Definition 5.1. We say an object M ∈ G is Gorenstein FP n -injective if M = Z 0 (I) for some exact complex I of injectives for which Hom G (J, I) remains exact for any FP n -injective J. We let GI denote the class of all Gorenstein FP n -injectives in G and set W := ⊥ 1 GI.
Note that if G is n-coherent, then by Theorem 4.7, the Gorenstein FP n -injectives coincide with the Gorenstein AC-injective objects from [26] , inspired from [9] . In particular, when G is locally noetherian they coincide with the usual notion of Gorenstein injective, and when G is locally coherent they are the Ding injective objects.
Properties of Gorenstein FP n -injective objects. We begin our path towards a theory of Gorenstein FP n -injective homological algebra by proving some characterizations and properties of the class GI. For the rest of the present paper, let Inj denote the class of injective objects in a Grothendieck category G.
Lemma 5.2 (characterizations of Gorenstein FP n -injectives).
The following are equivalent for any object C in a Grothendieck category G.
(a) C is Gorenstein FP n -injective.
(b) C satisfies the following two conditions.
(1) C ∈ (FP n -Inj) ⊥ . That is, Ext i G (X, C) = 0 for every X ∈ FP n -Inj and every i > 0. (2) There exists an exact sequence
with each E i ∈ Inj (that is, E is an injective resolution of C) such that Hom G (X, E) remains exact for every X ∈ FP n -Inj. (c) There exists a short exact sequence
with E ∈ Inj and C ′ ∈ GI.
Proof. These are known characterizations of the usual Gorenstein injective R-modules and the proofs carry over to our generality. In particular, the equivalence of (a) and (b) is a straightforward exercise that we leave to the reader 10 . Now (a) implies (c) is clear, and the converse can be proved by imitating (the dual of) the argument from [50, Lemma 2.5]. FP n -injectives) . Let G be a Grothendieck category. Then the class GI of Gorenstein FP n -injective objects of G is closed under finite direct sums, direct summands, extensions and cokernels of monomorphisms between its objects.
Proposition 5.3 (closure properties of Gorenstein
Proof. We leave it to the reader to verify that closure under extensions and cokernels of monomorphisms can be proved using the same techniques as in [50] . We shall include a direct proof that GI is closed under direct summands 11 . So suppose we are given A, B ∈ G such that A ⊕ B ∈ GI. Note first that A, B ∈ (FP n -Inj) ⊥ . On the other hand, we have a short exact sequence 10 The proof will use the fact that we always have enough injectives in a Grothendieck category. 11 Although the argument uses standard techniques, we do not believe it has appeared before in the literature.
where E 0 ∈ Inj and K 0 ∈ GI by Lemma 5.2. Consider now the canonical projections . Taking the direct sum of E A 0 and E B 0 gives the following short exact sequence:
Moreover, we can get the following commutative diagram with exact rows and columns:
where ∆ is the diagonal map and k is induced by the universal property of kernels. Using Snake's Lemma, we have CoKer(k) ≃ CoKer(∆) ≃ E 0 . Thus, we have a split short exact sequence
Apply the previous argument to K A 0 ⊕ K B 0 ∈ GI, and repeat this procedure infinitely many times in oder to get injective resolutions of A and B which are Hom G (X, −)-acyclic for every X ∈ FP n -Inj. The result follows by Lemma 5.2.
With these properties in hand, we are ready to construct approximations, cotorsion pairs and model category structures involving the class GI.
Abelian Gorenstein FP n -injective model structures. Any theory of relative homological algebra begins with the existence of a complete cotorsion pair, allowing one to construct relative derived functors. So we would like to have a complete cotorsion pair (W, GI). Unfortunately it is not enough for G to just be a n-coherent category to obtain this complete cotorsion pair. We need the left class W to contain a generating set for G. A standard hypothesis that will accomplish this is to assume that G has a generating set of objects of finite projective dimension. Recall that an object A ∈ G has finite projective dimension if there exists a nonnegative integer n such that for any object B one has Ext i G (A, B) = 0 for all i > n. Following [26] , we make the following definition. Definition 5.4. We shall say a Grothendieck category G is locally finite dimensional if it possesses a generating set {G i } for which each G i has finite projective dimension. If furthermore, each G i is of type FP ∞ we say G it is locally finite dimensionally type FP ∞ . Finally, if G is also n-coherent, that is, FP n = FP ∞ , we say it is locally finite dimensionally n-coherent.
Examples of locally finite dimensionally type FP ∞ categories are given in [26, Section 5] . Certainly R-Mod and Ch(R) are locally finite dimensionally n-coherent whenever R is a (left) n-coherent ring. The functor category Fun(C op , Ab) is locally finite dimensionally 1-coherent for any additive category C with pseudo-kernels. FP n -injective model structure) . Let G be a locally finite dimensionally n-coherent category. Then there is a cofibrantly generated abelian model structure on G, the Gorenstein FP n -injective model structure, in which every object is cofibrant and the fibrant objects are the Gorenstein FP n -injectives. In particular, (W, GI) is a complete cotorsion pair, cognerated by a set containing the {G i }, as in Definition 5.4, and every object has a special Gorenstein FP n -injective preenvelope.
Corollary 5.5 (the abelian Gorenstein
Proof. Since G is a locally finite dimensionally type FP ∞ category we get the model structure from [ Exact Gorenstein FP n -injective model structures. Corollary 5.5 is not the only way to obtain model structures from Gorenstein FP n -injective objects. Our aim in this section is to construct exact model structures on certain subcategories of G for which GI is the class of fibrant objects, and without imposing any condition on G. We shall achieve this by applying the theory of Frobenius pairs, presented in [4] .
Two classes Y and ν of objects in an abelian category G form a (right) Frobenius pair (ν, Y) in G if the following conditions hold:
(1) Y is closed under extensions, cokernels of monomorphisms between its objects, and under direct summands in G. 
If in addition (ν, Y) satisfies the dual of conditions (3) and (4), that is, ν is a Y-injective relative cogenerator in Y, then the Frobenius pair (ν, Y) is called strong.
Frobenius pairs comprise several properties that allow us to construct left and right approximations by the classes Y and ν, which in turn we can use to construct cotorsion pairs and exact model structures. These model structures are referred in [4] as injective Auslander-Buchweitz model structures.
Proposition 5.7 (the Gorenstein FP n -injective Frobenius pair). Let G be a Grothendieck category. Then, (Inj, GI) is a strong Frobenius pair in G.
Proof. First, note from the definition of Gorenstein FP n -injective objects that Inj is a relative generator and cogenerator in GI. Another consequence from the definition of GI is that Ext Having a strong Frobenius pair (ν, Y) in G implies the existence of certain compatible complete cotorsion pairs. These are not cotorsion pairs in an abelian category, but in an exact category. Namely, the full subcategory Y ∨ formed by the objects in G which have a finite coresolution by objects in Y, that is, objects C ∈ G such that there exist m ≥ 0 and an exact sequence . Thus, the following result holds.
Proposition 5.8 (the exact Gorenstein FP n -injective cotorsion pair). Let G be a Grothendieck category. Then, (Inj ∨ , GI) and (GI ∨ , Inj) are hereditary and complete cotorsion pairs in GI ∨ .
The compatibility between the pairs (Inj ∨ , GI) and (GI ∨ , Inj) will be a consequence of Proposition 5.9 below, which represents a summary of Auslander-Buchweitz approximation theory in the context of Gorenstein FP n -injective objects. The reader can see a revisit to AB theory (at least for the part needed for Frobenius pairs) in [4, Section 2.2].
Define the Gorenstein FP n -injective dimension of an object C ∈ G, denoted Gid(C) as the smallest nonnegative integer m ≥ 0 such that there is an exact sequence
If such m does not exist, we simply set Gid(C) = ∞.
Proposition 5.9 (compatibility conditions and approximations)
. Let G be a Grothendieck category. Then, the following conditions hold true:
(1) GI ∨ is the smallest thick subcategory of G containing GI.
From this result, the class GI ∨ of objects of G with finite Gorenstein FP n -injective dimension is a thick subcategory of G, and so it is exact with the usual exact structure of subcategories of an abelian category that are closed under extensions. One can also note easily that the exact category GI ∨ is weakly idempotent complete (see [25, Definition 2.2] ). Thus, using the generalization of Hovey's correspondence in the context of exact categories, proved by the second author in [25] , we have the following model category structure on GI ∨ . Theorem 5.10 (the exact Gorenstein FP n -injective model structure). Let G be a Grothendieck category. Then, there exists a unique injective and hereditary exact model structure on GI ∨ such that GI is the class of fibrant objects and Inj ∨ is the class of trivial objects. We denote this model structure by
From [25] , we know also how the homotopy relations are defined for M fp n (GI ∨ ). Specifically, we have the following description for the homotopy category of the model structure
Theorem 5.11. Let G be a Grothendieck category. Then, there exists a natural isomorphism
for every X, Y ∈ GI ∨ , where:
• RY is the fibrant replacement of Y .
• For every pair of morphisms f, g : X → RY , f ∼ g if, and only if, g − f factors through an injective object of G.
Moreover, Ho(GI ∨ ) is triangle equivalent to the stable category GI/ ∼. Remark 5.12. As pointed out in [4, Remark 4.11], the meaning of "triangulated category" in the previous statement is the classical one (that is, is the sense of Verdier's [46] ), different from the approach to triangulated categories given in [32, 31, Chapter 7] , and mentioned in Remark 5.6.
APPENDIX A. PROOF OF THE MONOMORPHISM PROPERTY
We devote this first appendix exclusively to prove Lemma 2.6. This is a well known result for the category of modules over a ring R. For instance, one proof is due to R. Strebel [43, Lemma 2.4 ]. Strebel's arguments can be generalized to the category of complexes of modules, and actually to any Grothendieck category with a generating set of finitely generated projective objects. We know by Corollary 2.14 that in any such category, finitely n-presented objects are objects with a truncated finitely generated projective resolution of length n (an n-presentation), and then a dimension shifting argument can show the validity of Lemma 2.6 in this case. The general case, however, is more difficult to show, and requires the reader to have some knowledge on Yoneda n-fold extensions and their properties: especially, to keep in mind several descriptions of n-fold extensions when they are equivalent to zero. We recommend the reader to check [36, Chapter VII] and [39, Chapter 4] to recall the basic terminology and results that will be used in the sequel. We shall continue using the font E for short exact sequences and longer Yoneda n-fold extensions, and shall write [E] to denote the class of E under the usual equivalence relation defining the extension groups.
From now on, we fix F ∈ G an object of type FP n and {X i : i ∈ I} a direct system of objects in G over a directed set I, whose direct limit we denote X = lim − →I X i . The canonical morphisms in this direct system will be denoted by φ i : X i → X, and the compatible morphisms by f ij :
Case n = 0. If F is finitely generated, then ξ 0 : lim Case n = 1. If F is finitely presented, then ξ 1 : lim
is a monomorphism. This case is due to Stenstrom [40, Proposition 2.1]. Although Stenström presents the result in the category of right R-modules, his proof works in any Grothendieck category (even without enough projectives). We have decided to include a more detailed version of this proof for further reference in the case n > 1.
Consider a class [E
The morphisms f ij induce group homomorphisms f ij : Ext
Similarly, the canonical morphisms φ i define (via pushouts again) group homomorphisms φ i : Ext
We also have the following commutative diagram:
We can note from the previous comments that {Ext
We now show that ξ 1 is a monomorphism. Consider an element ([E i ]) i∈I in the direct limit group lim − →I Ext
. Using properties of direct limits, [47, Lemma 2.6.14], we can find an index i 0 ∈ I and a short exact sequence 
Hence from the properties of the pushout, this last short exact sequence E j also maps to E. In terms of short exact sequences, we have the following diagram:
It is important to note that the set I i 0 is cofinal in I. This means that for each i ∈ I, there is j ∈ I i 0 such that i ≤ j. Indeed, just consider the element j given in the directed set I with the property that i ≤ j and i 0 ≤ j. Then by [37, Exercise V. 5.22(i)] we have lim − →I E i ≃ lim − →Ii 0 E j . The properties of direct limits give us a new short exact sequence
along with a unique homomorphism E → E, where the ends of these short exact sequences are isomorphic, and hence so the middle arrow lim − →I0 Y j → Y is an isomorphism. Thus, we have
On the other hand, E ∼ 0, and thus we have that E splits, which gives us a morphism h :
Since F is finitely presented, h can be factored through some Y l with l ∈ I i 0 , that is,
Hence we have the following commutative diagram:
We have E l ∼ 0, and so
, that is, ξ 1 is a monomorphism.
Case n > 1. This case will require strongly the assumption that G is locally finitely presented. Let us fix n > 1 and assume that the result holds for every integer 1 ≤ m < n. First, note that the group homomorphisms f ij : Ext
, and let
Consider the following splicers of E:
where K = Ker(f n−1 ), that is, E is obtained by "gluing" E ′ and E ′′ at K. We denote this gluing operation as E ′ E ′′ . Then, E ′ E ′′ = E ∼ 0. By [36, Lemma VII.4.1] , there exists an (n − 1)-fold exact sequence
and a morphism ψ : W → K such that E ′′ ∼ ψH and E ′ ψ ∼ 0, that is, E ′ ψ splits. Here, E ′ ψ denotes the short exact sequence obtained after taking the pullback of A n → K ← W . Let us write
Thus, we can replace E = E ′ E ′′ ∼ (E ′ ψ)H, which amounts to say that we can choose E as a sequence with a 1-fold splicer on the left which is split, as indicated in the following diagram:
As we did in the case n = 1, we can assert the existence of some i 0 ∈ I and an n-fold exact sequence
We have the following diagram:
We now use the assumption that G is locally finitely presented. This allows us to write W ≃ lim − →T W t for some directed set T . For this new direct limit, we fix the notation σ tt ′ : W t → W t ′ for the compatible morphisms with t ≤ t ′ , and ψ t : W t → lim − →T W t for the canonical morphisms. Then, we have the (n − 1)-fold exact sequence
, which is a splicer of E i 0 . By the induction hypothesis, we know that Ext
, and so there exists t 0 ∈ T and [H t 0 ] ∈ Ext n−1 G (F, W t 0 ) such that ψ t 0 H t 0 ∼ H. Let us write the previous equality as the following commutative diagram:
After combining (vi) and (vii), and taking the pullback of C n → lim − →T W t ← W t 0 we obtain the following commutative diagram:
We note from the previous diagram that
The rest of the proof focuses on showing that E i 0 ∼ 0. From E consider the 1-fold splicer
which was obtained as the pushout of lim − →I X i
where X i 0 → C n is the morphism appearing in the 1-fold splicer
of E i 0 . Take the pullback of B n → W ← W t 0 to get the following commutative diagram:
, taking the pullback of C n → lim T W t ← W t 0 produces the following commutative diagram:
For each j ≥ i 0 we can similarly form a short exact sequence
, and thus we can assert that E i 0 ∼ 0. This concludes the result.
APPENDIX B. SOME FINITENESS CONDITIONS FOR QUASI-COHERENT SHEAVES
In this second appendix we complement the study of finiteness conditions in the category Qcoh(X) of quasi-coherent sheaves over a scheme X. We also give examples of schemes X such that Qcoh(X) is an n-coherent category.
Finitely presented quasi-coherent sheaves in terms of finitely generated and FP 1 -injective quasi-coherent sheaves. We show that Proposition 3.8 holds in the case n = 1 for the category of quasi-coherent sheaves over certain schemes. Indeed, we have already mentioned that this result is true in the category of modules over a ring (see [27, Theorem 2.1.10]) and also in the category of complexes of modules. The latter follows by using the characterization of complexes in FP 0 , FP 1 and FP 1 -Inj. For, suppose we are given a finitely generated complex F (that is, bounded and with finitely generated module entries [51, Proposition 2. 
, using the natural isomorphism described in [23, Lemma 3.1]. Thus, F m is a finitely generated R-module which is also left Ext-orthogonal to every FP 1 -injective module. Hence, F m is a finitely presented R-module by [27, Theorem 2.1.10]. In other words, we have that F is a finitely presented complex.
Under certain assumptions on a scheme X, we are also able to extend the equality FP 1 = FP 0 ∩ ⊥ 1 (FP 1 -Inj) to the category Qcoh(X) of quasi-coherent sheaves over X. Specifically, we need X to be a semi-separated scheme, that is, X has an open affine covering {U i } i∈I such that U i ∩ U j is also an open affine for every i, j ∈ I. Now for each open affine U ⊆ X, consider the inclusion ι U : U ֒→ X and the induced direct image functor ι U * : Qcoh(U ) −→ Qcoh(X) (the direct image functor preserves quasi-coherency since X is semi-separated). By [30, Corollary 5.5], we have a natural isomorphism
for every H ∈ Qcoh(X) and E ∈ O X (U )-Mod. Using (ix), we can note that E is an injective module over O X (U ) if, and only if, ι U * (E) is an injective quasi-coherent sheaf over X. Thus, we can obtain the following natural isomorphism for every k ≥ 0:
Let us prove that the equality FP 1 = FP 0 ∩ ⊥ 1 (FP 1 -Inj) holds true in Qcoh(X). We shall need the following result, which is a consequence of [19, Lemma 3.6 and Proposition 3.7].
Lemma B.1. Let X be a semi-separated scheme. Then, F is a finitely presented quasi-coherent sheaf if, and only if, F (U ) is a finitely presented O X (U )-module, for every open affine U ⊆ X. Proposition B.2. Let X be a semi-separated scheme. Then, F ∈ Qcoh(X) is finitely presented if, and only if, F is finitely generated and Ext 1 Qcoh(X) (F , E ) = 0 for every FP 1 -injective quasi-coherent sheaf E over X.
Proof. The "only if" part is clear. Now suppose that F is a finitely generated quasi-coherent sheaf such that Ext 1 Qcoh(X) (F , E ) = 0 for every E ∈ Qcoh(X) FP 1 -injective. We show that F (U ) is a finitely presented O X (U )-module for every open affine U ⊆ X. The result will follow by the previous lemma.
First, notice that the direct image functor ι U * associated to U preserves direct limits since X is semi-separated. In particular, ι U * preserves direct unions, and so Hom Qcoh(X) (F , ι U * (−)) preserves direct unions since F is finitely generated. By (ix), we have that Hom O X (U ) (F (U ), −) preserves direct unions in O X (U )-Mod, that is, F (U ) is finitely generated for every open affine U ⊆ X. Now consider an FP 1 -injective O X (U )-module E. By the previous lemma and (x), we can note that ι U * (E) is an FP 1 -injective quasi-coherent sheaf over X. By the assumption on F , we have that Ext 1 Qcoh(X) (F , ι U * (E)) = 0. Using (x) again, we have that Ext n-coherent categories. We now study some conditions for certain schemes X under which Qcoh(X) is an n-coherent category. Proposition B.3. Let X be a semi-separated scheme with a semi-separated affine open cover
such that each A i is a commutative n-coherent ring. Then, every quasi-coherent sheaf over X of type FP n is of type FP ∞ . In particular, if X is a coherent scheme in the sense of [22, Definition 6.8] , then Qcoh(X) is a coherent category.
Proof. Let F ∈ Qcoh(X) be of type FP n . We show that Ext k Qcoh(X) (F , −) preserves direct limits for every k ≥ 0. Let 1 ≤ i ≤ m and consider the inclusion ι U i : U i ֒→ X. By (x), Definition 2.1 and the fact that ι U i * preserves direct limits (since X is semi-separated), we have that the functor Ext
is an A i -module of type FP n . Since A i is an n-coherent ring, A i -Mod is an n-coherent category, and so F (U i ) is an A i -module of type FP ∞ , meaning that Ext
We now use the previous to show that F is of type FP ∞ . From {U 1 , . . . , U m }, it is possible to construct a semi-separated affine basis B = {V α } α∈Λ formed by those open affine subsets
Suppose V α is contained in some U i(α) , and consider the inclusion j : V α ֒→ U i(α) . Since V α is affine, we have a natural isomorphism For the last assertion, recall that a scheme X with structure sheaf O X is coherent if it is quasicompact and O X (U ) is a commutative coherent ring for every open affine U ⊆ X. This implies that there exists an open affine finite cover {U 1 , . . . , U m } of X such that O X (U i ) is a coherent ring, since being locally coherent as a scheme is a Zariski-local notion due to Christensen et al. [13, Proposition 3.7] .
Remark B.4. The previous proof could suggest a notion of "locally n-coherent schemes" for n ≥ 2 (that is, a scheme (X, O X ) such that O X (U ) is a commutative n-coherent ring for every open affine U ⊆ X), and restate the assumption in Proposition B.3 in terms of such schemes. The problem with this is that we are not aware if the property of being n-coherent in Zariski-local in the class of commutative rings. In this context, one could try to show this as a consequence of [13, Lemma 3.6] . Among other things, we would need to check that the property of being n-coherent is compatible with finite products, meaning that for all commutative rings A 1 and A 2 , the product ring A 1 × A 2 is n-coherent if, and only if, A 1 and A 2 are n-coherent. This is not even known to be true for the case A 1 = A 2 = A. In other words, we have the open question:
A is a commutative n-coherent ring =⇒ A 2 is n-coherent?
This is in turn related to the characterization of n-coherent rings in terms their ideals, namely, the following conditions are known to be equivalent (see Dobbs et al. [17, Remark 3.5] ):
(a) A commutative ring A is n-coherent if, and only if, it is weak n-coherent (that is, each ideal of A of type FP n−1 is of type FP n ). By hypothesis, we know that both A[x 0 /x 1 ] and A[x 1 /x 0 ] are n-coherent rings. So it follows by the previous proposition that the equality FP n = FP ∞ holds in Qcoh(X). The result then follows.
Example B.6. The case n = 0 in Corollary B.5 yields a reformulation of Hilbert's basis theorem in terms of locally noetherian categories. Namely, if A is a noetherian commutative ring, then so is A[x], and hence Qcoh(P 1 (A)) is a locally noetherian category. For the case n ≥ 1, there is no guarantee that A[x] turns out to be an n-coherent ring if A is n-coherent. For instance, if we set n = 1 we have the notion of stably coherent rings: those coherent rings A such that every polynomial ring A[x 1 , . . . , x m ] is also coherent for m ≥ 1 (see for instance Glaz's book [27, Section 7.3] ). Not every coherent ring is stably coherent. In [27, Section 7.3.13 ] the author constructs a commutative coherent ring of weak dimension 2 which is not stably coherent, while in [27, Section Theorem 7.3.14] it is proved that every commutative coherent ring of global dimension 2 is stably coherent.
We bring from the literature another example of a ring satisfying the condition of Corollary B.5. For, recall that a ring R is called an (n, d)-ring (where n and d are nonnegative integers) if every R-module of type FP n has projective dimension at most d. Consider the commutative ring A presented in Vasconcelos' [45, Example 1.3 (b) ]. This is a noncoherent ring with weak dimension 1, which is also (2, 1) 
APPENDIX C. SOME FINITENESS CONDITIONS FOR FUNCTOR CATEGORIES
In this last appendix we explain in more detail some of the already mentioned facts and examples in the context of categories of additive functors. Some of the results below are well known, and restated and reproved within the terminology developed in the previous sections, but we also provide slightly more general statements for them.
First, recall that in Example 3.2 (3) that an additive functor G : C op −→ Ab is FP 1 -injective if, and only if, G maps pseudo-kernels in C into pseudo-cokernels in Ab, provided that C has pseudo-kernels. This is a consequence of the following result due to Auslander [2, part b) of Theorem 2.2].
Proposition C.1. Let C be a skeletally small additive category. The following two conditions hold for any n ≥ 1.
(1) If C has kernels, then every object of type FP n has projective dimension at most 2.
(2) If C has pseudo-kernels, then every object of type FP n is of type FP ∞ .
Proof. Part (1) is proved in [16, Chapter 1] . A similar argument can be applied to show (2) . Namely, suppose we are given an object F ∈ Fun(C op , Ab) of type FP n with n ≥ 1. So by Example 2.2 there is an exact sequence in Fun(C op , Ab):
By the Yoneda Lemma, the natural transformations α i , with 1 ≤ i ≤ n, can be represented by a morphisms f i : X i → X i−1 in C in the sense that α i = Hom C (−, f i ). Let f n+1 : X n+1 → X n be a pseudo-kernel of f n . Then, we can note that the induced sequence is exact. Glueing this sequence to (xii) yields a finite (n + 1)-presentation of F :
that is, the containment FP n ⊆ FP n+1 holds in the functor category Fun(C op , Ab). The same argument repeated infinitely many times shows that F is of type FP ∞ .
The previous result along with Theorem 4.7 (e) and the fact mentioned in Remark 2.15 that Fun(C op , Ab) has a generating set formed by finitely generated projective objects, imply the following result (see Auslander 
